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INTRODUCTION
TWO SIMILAR PROBLEMS

Clustering and community detection: tasks of grouping objects together.
> Clustering: objects are n points Xj,--- , X, in RY.
» Community detection: objects are the n vertices of a graph with adjacency matrix A € {0,1}"*".

Toy-models : z € [k]" cluster labeling vector.
> (isotropic) Gaussian mixture model (GMM): X; | z; ~ Nor(jiz, 0%ly);
Ber(p) ifz =z,

] for i < jand
Ber(g) otherwise.

» (homogeneous) stochastic block model (SBM): A; | z;, zj ~ {

A,'j = Aj,'.

Statistical problem : recover z (up to a permutation) based on the observation of X or A only (we also
assume k is known).

30



INTRODUCTION
MINIMAX RATES IN THESE TWO PROBLEMS (1)

For any z € [K]", denote na(z) = 3_ [, 1{zu = a} the size of cluster a € [K]. Let 3 > 1 and define

Zokp = {ze [K]": na(z) € [B’Lﬁ:] Vae [k]}.

Let Z be an estimator of z. We define the loss of Z as

n

loss(z,2) = min ! Z {z, # 7(2u)},

reSym(k) N <=

where Sym(k) is the group of permutations of [k] (we can only recover the partition, not the labels).

Aim: study the expected loss E [loss(2, z)] of an estimator Z (where expectation is taken with respect to
X or A being generated from GMM or SBM.

Intuitive: difficulty of estimating z is governed by :
> for GMM: separation between the centers p1, - - - , ux (@assuming o fixed);
» for SBM: difference between Ber(p) and Ber(q).



INTRODUCTION

MINIMAX RATES IN THESE TWO PROBLEMS (2)

Theorem 1 (Lu and Zhou, 2016: minimax rate in isotropic GMM)

Let A = g;ig 112 — poll2- Suppose ey > 1. Then,

inf sup  ExaMM(zu1,- ) [1088(2, 2)] =< exp <—(1 +0o(1))
z ZEZnyk,ﬂ

AZ

852

).

/30



INTRODUCTION
MINIMAX RATES IN THESE TWO PROBLEMS (2)

Theorem 1 (Lu and Zhou, 2016: minimax rate in isotropic GMM)

Let A = m¢iB ||ita — wbl|2. Suppose o> 1 Then,
a

|og(

AZ
f Ex. . loss(z, z)] =< —-(1+0(1)=— ).
'2 ZES;,]pk,g X~GMM(Z, 11,7+ 1) [OSS( )] exp< ( + ( ))80'2>

Theorem 2 (Zhang and Zhou, 2016: minimax rate in homogeneous SBM)

Let! = Reny/p(Ber(p),Ber(q)) = —2log (./ ++/(1—p)(1 - ) the Rényi divergence of order 1/2

between two Bernoulli distributions. Suppose 3 € (1,/2), and letq <p.If klog © > 1 we have

exp(—(1+0(1)3) ifk=2,
exp <f(1 + 0(1))”—,’() ifk > 3.

inf sup Eg.sM(zp,q) [l0ss(2,2)] =
2 ZEanB

Rate optimal algorithms:
» GMM: Lloyd’s algorithm (Lu & Zhou, 2016); spectral clustering (Loffler et al., 2021);
» SBM: MLE (Zhang & Zhou, 2016); two-stage algorithms (Gao et al., 2017); semidefinite 4
programs (Fei & Chen, 2018); VEM (Zhang & Zhou, 2020); spectral clustering (Zhang, 2023).
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FROM ISOTROPIC TO ANISOTROPIC GMM
MINIMAX RATES: NEW SNRs

Recall in isotropic GMM: inf; sup,. = 5 Ex~GMM(z,101, ik

_ minagp ||pa—psl|
SNR = —= —=—".

y [loss(2, z)]

~
—~

exp (—(1 + 0(1))%R2> where
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FROM ISOTROPIC TO ANISOTROPIC GMM
MINIMAX RATES: NEW SNRs

Recall in isotropic GMM: infz sup,cz, , » Ex~GMM(z i1, uux) [loss(2,2)] < exp (—(1 + 0(1))%R2> where
SNR = mina;éb Il pa—penll .

[
GMM with Homogeneous Covariance Matrices: X;|z ~ Nor(uz,X)
Then -1/2X; ~ Nor(X~"/2u,, l4), and the SNR exponent in the minimax rate becomes:

min [|[£7"2(pua — pp)|l2 = min ||ua — pplls  (Mahalanobis distance).
a#b a#b
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FROM ISOTROPIC TO ANISOTROPIC GMM
MINIMAX RATES: NEW SNRs

Recall in isotropic GMM: infz sup,cz, , » Ex~GMM(z i1, uux) [loss(2,2)] < exp (—(1 + 0(1))%R2> where
SNR = mina;éb Il pa—penll .

[
GMM with Homogeneous Covariance Matrices: X;|z ~ Nor(uz,X)
Then -1/2X; ~ Nor(X~"/2u,, l4), and the SNR exponent in the minimax rate becomes:

min || Z7"2(ua — wp)|l2 = min ||ua — uplls  (Mahalanobis distance).
a#b a#b

GMM with inhomogeneous Covariance Matrices: X;|z ~ Nor(uz,%7)
Chen and Zhang, 2021 show that the SNR should be replaced by min., SNR, , where

SNR._, = 2 mi
a#b X'gg;b [ x]l

1
Bap = {x e R xTSY25 . (11a — pv) + X (z‘a/2z,;1z;/2 - /d) X

_ 1 1
< —s(pa— ,Ub)sz1(Na — ip) + 5 log [Xa| — ) log |Zb|}-
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FROM ISOTROPIC TO ANISOTROPIC GMM

< <
o™ ™
N N
> — > —
o o
T 7
5y )
X X
(a) Original Gaussians with optimal decision boundary (b) After transformation Y = X, '/2(Y — 6;).

Figure. A geometric interpretation of SNR}, (taken from Chen and Zhang, 2021).
2
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FROM ISOTROPIC TO ANISOTROPIC GMM

WHERE DOES THIS COME FROM?

Lemma 1 (Testing Error for Quadratic Discriminant Analysis (Chen & Zhang, 2021))
Consider two hypotheses Hy: Y ~ Nor(u1,%1) and Hy: Y ~ Nor(uz, X2). Define a testing procedure
¢(x) = 1{logfi(x) <logh(x)} = 1{log|T1|+ (x — 1) 7 (x — 1) > log [Ta| + (x — p12) T, (x — p2) } -

Then inf(z;(IPHO(qAﬁ = 1) + Py, (6 = 0)) = Py, (¢ = 1) + Pr, (¢ = 0) (Neyman-Pearson).
Ifmin{SNR] ,, SNRj 1} — oo, we have

2
(min{SNR{ 5,SNR} ;})

Pry(¢ = 1) + Py, (¢ = 0) < e~ (1o() 2

Otherwise, infqg(]PHo(dA) = 1) + Py, (¢ = 0)) > ¢ for some constant ¢ > 0.

Proof: complicated.
Geometric interpretation: ~ okay



FROM ISOTROPIC TO ANISOTROPIC GMM

ANOTHER INTERPRETATION

LetY = (Yi,---,Ys) and test Hy: V) ~ " versus Hy: Y ~ g®".
If f £ g are independent of n, we have

|2A)f(PHO(§g — 1) + PH1 (Qg — 0)) - ef(1+o(1))n Chernoff(f,g)

where we define the Chernoff information as

Chernoff(f,g) = —log inf /ft(x)g1_t(x)dx.
te(0,1)

(Note: Chernoff(f®", g®") = n Chernoff(f, g).
f f
Key observation: P, (Iog é(x) > 0) =P (e“°g§(x) > 1) < Eg [e”°g a] = [flg!—t < g~Chemofi(fg)

Remark

» Chernoff (Nor(m,azld), Nor(ug,azld)) = ”“'87%”5;

> Chernoff (Nor(jur, £), Nor(jiz, X)) = 3IE"/2(u1 — u2)
» Chernoff (Nor(u1, X1), Nor(uz, X2)) still complicated

» Provide another interpretation of SNRs.
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MINIMAX RATES IN MIXTURE MODELS
(NON-GAUSSIAN) MIXTURE MODELS

Mixture model (MM): X; | z; ~ f,, where F = {fi,-- - , fx} is a family of pdf.
Define

Chernoff(F) = 1<;n7£2<kChernoff(fa, fp).

Theorem 3 (Dreveton, Gozeten, Grossglauser, Thiran, 2024)

Suppose Chernoff (F) > log k. Then,

min max Ex. mmf,--- ) [loss(z,2)] = g (1+0(1))Chernoft(F)
z 2248

Algorithm 1: Clustering mixture models (known pdf).

Input: Set of ndata points (Xi,---, Xy) € X7, family F = {f1,-- - , f} of pdfs, number of clusters k.

Output: Predicted clusters 2 € [k]".
Fori=1,--- nlet 2,@ = arg maxac i log f(Xi).
Return: 2 = 5(fmax),
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LAPLACE MIXTURE MODEL

Algorithm 2: Clustering parametric mixture models.

Input: Set of ndata points (Xi,-- -, Xyp) € X", parametric family Po = {fy,0 € ©} of pdfs, number of
clusters k, number of iteration fmay, initial clustering 2(9) e [k]".
Fort=1---t,.x do

1. Fora=1,---,k,letd" =4 ({X;: 2N = a}) be an estimate of 6,;

—

2. Fori=1,--- nletZ - arg maxae(x] log fé(t)()(i).

Return: 2 = >(imax),

Laplace mixture model : Xj; = 1,0 + 0€i¢ Where €;p ~ Lap(0, 1).
Novelty : (sub-)exponential tails instead of sub-gaussian.

Estimate mean and variance as:

A 1 R 1 A
PO V) = L and e V) = LS Y A Yol

14/30



LAPLACE MIXTURE MODEL

Theorem 4 (Dreveton, Gozeten, Grossglauser, Thiran, 2024)

Suppose d = O(1), 040 = O(1) and || 12 — o1 = ©(pn) with pn > vk andloss(z, 2(0) < 1/(kpy).
Then, the output z of Algorithm 2 after Q(log n) iterations verifies

loss(z,2) < e (1+o(1))Chernoff(7)

Remarks:
> loss(z,2(9)) <« 1/(kpp) can be attained by spectral clustering.

» If 04 = ope, then Chernoff (F) = 1<g1¢ig<k ||Z_1(Ma — p)]|1-

> Similar results for other mixture models (such as exponential family mixtures) under sub-exponential
assumptions.

15/30
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STOCHASTIC BLOCK MODEL (SBM)

ORIGINAL DEFINITION VS MODERN DEFINITION

Definition 3. Let p(x) be the probability function for a stochastic
multigraph, and let {B,,..., B,} be a partition of the nodes into mutu-
ally exclusive and exhaustive subsets called node-blocks. We say that
p(x) is a stochastic blockmodel with respect to the partition (B, ..., B,)
if and only if

(1) the random vectors X, are statistically independent; and

(2) for any nodes i+ and "=, if i/ and /" are in the same
node-block and ; and j’ are in the same node-block, then the random
vectors X, and X, . are identically distributed.

Figure. Original definition of a SBM by (Holland et al., 1983).
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STOCHASTIC BLOCK MODEL

NEW DEFINITION

» 'Modern’ definition of SBM restricts interactions (edges) to belong to {0,1};
> Here: generalisation of the "old’ definition. Interactions take value in a space S.

* Examples: multiplex networks (S = {0, 1}M), weighted networks (S = R. ), signed networks
(S ={0,—,+}), censored networks (S = {unobserved, observed&present, observed&absent }).

SBM with edge covariates : Let f and g be two pdf on S. Conditionally on z, we observe A € §"*" such
that A; = Aji is sampled from f if z; = z;, and from g otherwise. We note A ~ SBM(z, f, g).

Example: ‘'modern’ SBM has S = {0, 1}, f = Ber(p) and g = Ber(q).

Define the Rényi divergence of order 1/2 between f and g as

af | d
Reny o(f,9) = —2|0g/\/d/”/d/gidﬂ>

where p is an arbitrary measure which dominates f and g.

19/30
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MINIMAX RATES IN HOMOGENEOUS SBM

MAIN RESULT

Theorem 5 (Avrachenkov et al., 2020)
Suppose 8 € (1,v/2), and let | = Ren, 5(f, 9). Ifklogk > 1, we have

exp(—(1+0(1))%) ifk=2,

f Ey. loss(z, z)] =<
Ir; Zseupﬁ X~SBM(z.1,g) [loss(Z, Z)] {exp (—(1 +o(1))/’;—,’() ifk > 3.

Furthermore, if 7! = O(1) then infs sup ¢ z, E[loss(Z, z)] > ¢ for some constant ¢ > 0.

Remarks

> Assumes f and g are known by the algorithm
> If f and g are unknown: results in (Xu et al., 2020) but with many additional technical conditions

Questions

> Here the Rényi-divergence is the key quantity. Why?
» Difference between 2 and more than 2 clusters

21/30



MINIMAX RATE IN HOMOGENEOUS SBM

TwO VERSUS MORE THAN TWO COMMUNITIES

Two communities

> If the two communities are of different sizes (for example ny > o), then nodes in the community 1
have a higher expected degree than nodes in the community 2

» Hence the worst setting is when the two communities are of the same size

> The n/2 in the exponential error rate e~ ("+°(1))z! represent the community sizes

Three (or more) communities

» One could think that having kK = 3 communities of size n/k would be the worse, leading to an error
rate of e~ (1+o())%/
> But, the worst case is two small communities of size ﬁ—”k and one big of size n — 25—”,(. This leads to

the minimax rate of e (o0 &/

22/30



MINIMAX RATES IN HOMOGENEOUS SBM

WHY RENYI DIVERGENGCE? (1)

Setting: n+ 1 nodes, two communities of sizes n/2 and n/2 + 1; f and g denote the pdf for intra- and
inter-cluster interactions.

Nodes 1,---,n/2in community 1; nodes n/2 + 1,--- , nin community 2. The last node n+ 1 belongs
either to community 1 or 2.

Fundamental Testing Problem: A genie gives you z = (1,---,1,2,---,2,7). You have to find z,1.
S— —\—
n/2 n/2
Denote X = (Ant1,1,Ant1,2,- -+, Ant1,n) € S” (Xj denotes interaction between nodes n+ 1 and j) and

the two hypothesis:

H1 L Zpt1 = 1 'S Hg: Znyi = 2.

Hes X ~ f®n/2 ®n/2 _. p Hy it h(X) > ho(X
Under 1' ®n/2® g@n/2 . 1, MLE: ¢aire(X) = 1 ! 1(X) 2(X)
Under Ho: X ~ g ®f =: ho. H, if h1(X) < hg(X).

Guarantee of MLE? Classic Chernoff-Stein theory of hypothesis testing applies for f and g independent
of n (Cover & Thomas, 1999). But generalisation is possible.

23/30



HOMOGENEOUS SBM WITH EDGE COVARIATES

WHY RENYI DIVERGENCE? (2)

Hy if h1(X) > hg(X)
Ho o it hi(X) < ha(X).

Under Hy: X ~ f®1/2g g®n/2 —: py,

MLE: X) =
Under Ho: X ~ g®"2 @ /2 = p,. PMLE(X) {

Let Ren(f,g) = —(1 — t) " log [ f{(x)g" ~!(x)dx be the Rényi divergence of order t between two pdf
and g, and define the Chernoff information

Chernoff(hy, h2) = sup (1 — t)Ren(hy, ho).
te(0,1)

Lemma 2 (Gao, Ma, Zhang, Zhou, 2018; Dreveton et al., 2024)

The worst-case error of ¢: X — ¢(X) € {Hy, Ha} is r(¢) = max{Pu, (¢(X) = Hz) ; P, (¢(X) = H1)}.

We have inf, r(¢) = r(¢mre). Moreover, if Chernoff(hy, ho) > 1 we have

r(pnng) = e~ (1+o(1)Chemofi(hi.he)

24/30



MINIMAX RATES IN HOMOGENEOUS SBM
WHY RENYI DIVERGENGCE? (3)

H, if hy (X) > hg(X)
Ho o if y(X) < he(X).

Under Hy: X ~ f®0/2g g®n/2 —: p,,

MLE: X) =
Under Ho: X ~ g®"2 @ /2 = p,. PmLE(X) {

Final ingredient:

Chernoff (hy, ) = sup (1 — t)Ren (f®7/2 @ g®/2, g®n/2 g £2n/2)
te(0,1)

hy ho
n/2

= sup (1-1) ZRth(f g)+ Z Reny(g, f) (linearity of Rényi divergence)
t€(0,1) i=1 i=n/2+1

_ 0 sup {(1 — t)Reny(f, g) + t Reny_(f, g)} using (1 — t)Rent(f, g) = tReni_(g, f)
2 te(0,1)

n
= 5R6n1/2(f, 9)-

25/30



MINIMAX RATES IN HOMOGENEOUS SBM

EXAMPLE: EXACT RECOVERY IN SPARSE SBM

Zero-inflated distribution : Suppose that the distributions f and g can be written as follows

f(x) = (1 —apn)do(x) —I—apn?(X) and g(x) = (1 — bpn)do(x) + bpng(x), (3.1)
When p, < 1, the Rényi divergence / = Ren; »(f, g) between such zero-inflated distributions equals
2 ~
I = (14 0(1))pn [(\f— \/B) +2\/abHe12(f,§)] , (3.2)

where Hel?(f, §) € [0, 1] is the Hellinger divergence defined by

2
1 df dg
Hel?(f,g) = 2/ <\/d7—\/d:> dp.

26/30



MINIMAX RATES IN HOMOGENEOUS SBM

EXAMPLE: EXACT RECOVERY IN SPARSE SBM

Zero-inflated distribution : Suppose that the distributions f and g can be written as follows

f(x) = (1 —apn)do(x) —I—apn?(X) and g(x) = (1 — bpn)do(x) + bpng(x), (3.1)
When p, < 1, the Rényi divergence / = Ren; »(f, g) between such zero-inflated distributions equals
2 ~
I = (14 0(1))pn [(\f— \/B) +2\/abHe12(f,§)] , (3.2)

where Hel?(f, §) € [0, 1] is the Hellinger divergence defined by

2
1 df dg
Hel?(f,g) = 2/ <\/d7—\/d:> dp.

Corollary [Exact recovery in sparse homogeneous SBM with edge covariates]

Consider an SBM with same-size communities and edge covariate distributions given in (3.1), where f, §
are independent of n and p, = log n/n. Then, exact recovery is

2 ~
> solvable if (\f— \/B> +2vabHe(7,§) > k;

2 ~
> unsolvable if <\/5 . ﬁ) +2v/abHel2(7, §) < k.

Helz(?, g) characterises the additional information gained by observing the edge covariates. e
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CONCLUSION

Summary:
1. Similarity in the analysis of minimax rates of mixture model and stochastic block models
2. Chernoff information is the key quantity

Possible extensions:

» Mixture models in high dimension (d > n): isotropic Gaussian done? Ndaoud, 2022; Even et al.,
2024

» Mixture models with heavier tails than sub-exponential
» Robustness to perturbations: mixture + random noise, mixture + adversary, mixture + outliers
> (Semi)-supervised rates (Lelarge & Miolane, 2019; Tifrea et al., 2024)
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